Abstract. The concept of strictness of morphological operators is discussed, and it is shown that the ordinary morphological operators have extreme strictness which leads to sensitivity to noise and digital artifacts. Based on this observation new morphological operators that generalize the ordinary morphological operators, are de ned. The generalized operators have controllable strictness and so excessive erosion and dilation may be prevented. Some properties of the generalized morphological operators are discussed, and it is shown that they may have a linear ltering interpretation. The paper concludes with some preliminary examples demonstrating the advantages of the generalized morphological operators.
Introduction
Computerized representation of maps and line-drawings enables computer aided design and facilitates e cient updating for urban development, architecture, land use management, and similar disciplines. The conversion of printed maps into computerized data bases is an enormous task since the process requires scanning and analysis of extremely large volumes of data. Therefore, automation of the conversion process is essential. Even though substantial research and development e orts have been devoted to map and line-drawings conversion 5, 3] , the problem is still unresolved. The problem has become more important with the development of advanced CAD and GIS tools, which lead to a situation in which the processing possibilities are much more progressed than the data input facilities.
Since directional information has a very strong meaning in line-drawing images, the processing of line-drawing images may be performed by decomposing the input image into directional edge-planes, and then using directional morphological operators for the processing of these planes 7, 6] . Directional morphological operators could be classi ed as a subset of the general morphological operators, in which the morphological kernel is non-isotropic. When a ne selectivity of the directional morphological operators is required, a large morphological kernel (or successive application of small kernels) may be required 1, 2]. In such cases e ects of digital artifacts and noise may damage the expected results due to extreme strictness of the ordinary morphological operators.
In this work it is suggested to de ne new morphological operators that generalize the ordinary morphological operators, and so to achieve control over their strictness. By controlling the strictness of the morphological operators it is possible to improve their resistivity to noise and digital artifacts, and so to prevent excessive erosion or dilation even when large morphological kernels are used. 
where in these de nitions (B) a fx j 9b 2 B : x = a + bg .
When comparing these de nitions it is possible to observe that they di er by the sign in the condition, and by the strictness of the condition. While the sign di erence in the condition only causes a re ection of the kernel set, the strictness di erence is what determines their nature. The strictness in the dilation de nition is very loose (9) and so elements are added to the dilated result. The strictness in the erosion de nition is very strict (8) and so elements are removed from the eroded result. Based on this observation it is possible to generalize the morphological operators by controlling the strictness of the operators with higher exibility.
Generalized Dilation
In order to develop the generalized dilation de nition, a di erent interpretation for dilation is considered. Corollary5. The generalized dilation results in a subset of the ordinary dilation:
Lemma 6. The cardinality of the intersection between a set and a re ected and shifted set remains the same when re ecting and shifting the rst set instead of the second set: 
Proof. Results directly from the de nition of the generalized dilation, by using (8).
Generalized Erosion
In order to develop the generalized erosion de nition, a di erent interpretation of erosion is considered.
Proposition8. 
where it is assumed that: #A < 1 . It should be noted that since it is assumed that #A < 1 then 8x : #(A c \ (B) x ) #B , and so the strictness s is bounded by #B . Following the last proposition, it is possible to observe that the non-linear nature of morphological operators is derived by a threshold operation, where for the ordinary morphologicaloperators the threshold is one, and for the generalized morphological operators the threshold is higher. It should be noted that the properties in this subsection are discussed for sets in Z 2 in order to simplify the transcription of indexes. These properties can be easily extended to sets in Z N .
Extended Duality Proposition
The generalized dilation of A by B may be interpreted as the union of all the possible shifts for which the intersection between A and the re ected and shifted B is big enough. The following proposition states that the same interpretation may be applied to the generalized erosion when using the re ection of the set B and the complement of the strictness s. Proof. Results directly from (22) when using the fact that the complement of the strictness s B relative to B is s.
Corollary20. When B is symmetric to re ection (that is B = B), the dilation and erosion of A by B give identical results when using the strictness: s = (#B + 1)=2 . Following the last proposition, and the fact that the generalized dilation (erosion) is decreasing (increasing) with respect to the strictness s, it is possible to observe that the generalized dilation (erosion) is turned into erosion (dilation) when increasing the strictness s (assuming that the kernel is symmetric to reection). That is, a generalized dilation (erosion) which is too strict is turned into erosion (dilation).
An example to generalized dilation is presented in Figure 1 , where the original image is presented at the top left, and following it towards the bottom right are the resulting images when performing generalized dilation with strictness of 1{9 respectively. The light gray background in the resulting images represents the original image. The morphological kernel that is used in this example is a 3 3 square with the origin at its center. Since the kernel in that example is symmetric to re ection, the presented results are also the results obtained for generalized erosion with strictness of 9{1 respectively. As could be observed, while in ordinary morphology it is possible to get only the edges of the sequence in Figure 1 , in generalized morphology it is possible to get any element of the sequence by selecting the required strictness. It is also possible to observe that the generalized dilation and erosion are essentially the same, and di er only by the degree of strictness and by a re ection of the kernel.
Based on the extended duality proposition, and the fact that the generalized dilation is commutative, it is possible to construct a proposition concerning the exchange between the arguments of a generalized erosion operation. Proof. By developing the left side of the proposition according to the extended duality proposition, and using the fact that the generalized dilation is commutative, we get: This section presents some preliminary results obtained by using the generalized morphological operators. Using the generalized operations in existing algorithms with strictness greater than one, may increase the the resistivity of the algorithms to noise and small intrusions. The example in Figure 2 demonstrates a simple skeletonization algorithm 9] where Figure 2 -a presents the original image, Figure  2 -b presents results obtained by the algorithm when using ordinary morphological operators, and Figure 2 -c presents the results obtained when using the same algorithm with the generalized morphological operators and strictness greater than one. As can be observed, the results obtained when using the generalized operators are less in uenced by the noise on the shape. Figure 3 presents the results of an ordinary close and a generalized close 8] that is based on the generalized morphological operators, where a directional kernel (in direction of 45 is used). The original image is presented in Figure  3 -a, the result of an ordinary close is presented in Figure 3 -b, and the result of a generalized close with strictness greater than one is presented in Figure 3 
